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CHAPTER 16 

1 NTRODUCTION 

Parameter identification i s  one of the important phases of  

automatic control systems, Many control processes are di rectly or 

indirectly related to  some kind of identification of a process nlodeli. 

For example, adaptive control, optimal control,  and recent in te res t  

in biological systems require identification of parameters to  create 

be t te r  mathemati caY model s to  represent the physical system in an 

approximate form, 

Creating Uinear models for  nonlinear systems i s  a very important 

aspect of system analysis, Linear systems are  easier  to  work with and 

i denti fi cat i  on of nonl i near systems i s more compl ex since thef r response 

characteris t i c s  are amp1 i tude as we1 l as frequency dependent, Ewe1 ei gh 

(1967). 

Many identification techniques are  avai 1 able in the mathematical 

l i t e ra ture ,  Least square estimation i s  one of the oldest known methods, 

A recently developed techniques cal led quasi 1 i nearization and method 

of perturbations have a great future for application to  l inear  or 

nonlinear mu% t i  variabl e systems, Quasi 1 ineari zation or  method o f  

perturbations can be easi ly  implemented on d ig i ta l  computers whi ch 

increases the i r  importance for  application as on l ine identi P i c a t i o n  

methods, 

I ,  STATEMENT OF THE PROBLEM 

The problem i s  to identify a best approximate 1 inear system 

with a step i n p u t  when sampled noisy data from the output of a nonlinesr 
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exist in the l , i  terature ,  
I 

Many of the present i denti f i  catf on techniques are summa~ai zed 

by Eve1 e i  gh (I 967) and Sage and Cuenod (19671, Evel e i  gh (1969) has 

described the re1 ationship of identi f ication and adaptive control 

problems. Least square estimation of parameters was developed 

separately by Gauss and Legendre i n  ear ly 98003 t o  estimate the 

parameters of the motion of heavenly bodies using physical and 

astronomical data, Sorenson (1970), Sorehson also summarizes t h e  

development of l eas t  square estimation and Kalman f i  l t e r  theory, 

Lee (1967) roughly divides a l l  adaptive control system tech- 

niques into two chasses : those using expl i e i t  identi f ieation methods 

and those using nonidenti f icat ion methods, Nahi (1969) has described 

identification by maximum 1 i kel i hood and steepest descent, K01uan-i c 

(1967) has considered the problem of finding some or- al 1 parameters 

of the unknown system on the basis of d ig i ta l ly  t reat ing noisy d a t a  

and has shown the method of leas t  pweudosquares to  yjeld e f f i c i en t  

resul t s  . 
Quasi l inearimat-i on i s  a recently developed and very e f f i c i en t  

technique fo r  identi f ieation of 1 inear and nonl inear systems parameters, 

Be1 lman formulated the basic ideas behind quasi1 inearization al Sb 

ca1 l ed the Newton-Raphson-Kontorovick expansion in function space, 

Kalaba i n  1959 added a great deal o f  mathematical rigor necessavy 

fo r  the suecessfwl employment of th i s  method, Bellman and Kalaba 919651, 

HoIloway (9968) used th i s  method t o  investigate the possibi l i ty  o f  

i denti Pi cation of parameters for  describing the ear th ' s  geopotenti a l 

from synchronous s a t e l l i t e  data,  Paine (1967) reviews the use of 



t h i s  method i n  the  computation o f  opt imal  c o n t r o l .  Lee ($968)  has 

considered the  so l  u t i  on o f  non l i nea r  o rd ina ry  d i  f f e r e n t i  a l  equat ions 

w i t h  non l i nea r  boundary condi ti ons . 
L u c k i n b i l l  and Ch i lds  (1968) have app l i ed  the  method o f  

pe r tu rba t i ons  t o  t he  i d e n t i f i c a t i o n  o f  parameters i n  p a r t i a l  different1 a1 

equat i  ohs, Smith (1969) has considered the  method o f  p e r t u r b a t i  ons 

and s teepes t  descent f o r  system i d e n t i f i c a t i o n  us ing  a  h y b r i d  csmputi ng 

f a c i l  i ty i n  o rder  t o  compare t h e i r  s w i t a b i l  i ty as on - l i ne  i d e n t i  f i ca- 

t i o n  methods, Duval (1969) has a l s o  app l i ed  the  method o f  p e r t u r b a t ~ s n s  

t o  an adapt ive c o n t r o l  problem us ing  a hybrid computer. 





dXa" 
where Xi = -df 

Let X - a  j = 1, 2, -, n+$ 
n + j  j 

(204% 

The s e t  of d i f f e r en t i a l  equations fo r  the  unknown constants wi l l  be 

Rewri L ing  equation ( 2 , Z )  

Equation (2.6) may be represented i n  matrix form as 

Using Newton-Raphson-Kantorovi ch expansion formul a one can 1 i n e a ~ i  ze 

equation (2,7) as 

where k = k t h  i t e r a t i on  

H,O,T, = higher order terms 

aF = the  Jacobian matrix --zz- 

axk 
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The i t e r a t i v e  s o l u t i o n  o f  equat ion (2.8) requ i res  a  vec to r  

Xk( t ) .  This vec tor  i s  generated by us ing  the  b e s t  est imate o f  x(o)  

as i n i t i a l  cond i t ions  f o r  s o l v i n g  equat ion (2,7) as the  k t h  s o l u t i o n ,  

Equation (2,8) may be w r i t t e n  as 

where G and B a re  func t ions  o f  r k ( t )  

Equation (2,lO) can be so lved by superpos i t ion  o f  p a r t i c u l a r  s o l  u t i s n s  

(see Appendix B). Phis method i s  expla ined i n  d e t a i l  by Luckinboi l  1 

and Chi1 ds (1968) who p o i n t  ou t  t h a t  the  use o f  p a r t i c u l a r  so lu t i ons  

has the  fea tu re  o f  g i v i n g  an expl i c i  t i n d i c a t i o n  o f  the  degree of 

Convergence o f  t he  i t e r a t i v e  process, 

EI, AN EXAMPLE 

To i l l u s t r a t e  the  method o f  i d e n t i f i c a t i o n  by  the method o f  

per tu rba t ions ,  cons ider  the  second order  mode1 which i s  t o  be used 

f o r  i d e n t i f i c a t i o n  f o r  the  problem 

I n  equat ion (2.1 1)  a,, a,, and a3 a re  unknown constants, a3 i s  the  

s tep  i n p u t  t o  t he  system and alp a,, and a3 are  t o  be i d e n t i f i e d .  

Rewr i t i ng  equat ion Q2,11) 



where 

y3, y4, and y5 a r e  considered t o  vary s lowly enough wi th  t ime 

over  t h e  i d e n t i f i c a t i o n  per iod  t o  be assumed cons t an t  

Coupling equa t ions  (2.12) and (%,13) and r e w r i t i n g  i n  mat r ix  

form 

Applying t h e  Newton-Raphson-Kantorovi ch expansion, equa t ion  

(2.8), and dropping the h ighe r  o r d e r  terms 



where 

and k i s  the k t h  i t e ra t ion .  

Equation (2,15) can be written as 

The resulting l inear boundary value problem can be solved by the method 

of superposition (see appendix B) , 

The solution of equation (2.17)  can be wri t ten in the form o f  

equation (B.2) as the superposition of particular solutions 



The i n i t i a l  condition matrix used t o  generate 9 ( t )  as given by 
P 

equation (k.91) wi l l  be 

I f  i t  i s  assumed t h a t  the two i n i t i a l  conditions y (0 )  and 

y ( 0 )  a r e  known, yl and y2 wil l  be zero so t h a t  only four pa r t i cu la r  

solut ions  a re  required and equation (2.1 9 )  reduces t o  

p5 a5 

Each column of Q It) must then s a t i s f y  equation (2 .77) .  A s e t  o f  
P 

l  inea r  al  gebraic equations wil l  be generated Prom superposition o f  

the  independent sol wtions in @ ( t )  which must s a t i s f y  the  boundary 
P 

conditions. In the  case of t h i s  paper a l l  a r e  given on one element 
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of the s t a t e  vector. This s e t  of equations can be solved for iT w h i c h  

from equation (2,181 will yield a new set  of i n i t i a l  conditions, 
- 
Y k s l  (0) from why eh t o  begyn another i te ra t ion ,  



APPROXIMATE LINEAR MODEL OF 

A NONLINEAR SYSTEM 

I, BACKGROUND OF DATA BEING FIT 

The data considered f o r  t h i s  problem i s  the  ou tput  o f  the  

phys ica l  system expla ined i n  t he  statement o f  t he  problem. The 

d i g i t a l  RMS de tec to r  has an averaging t ime o f  T = 1 second a f t e r  
I I '  

t he  f i r s t  one-second t ime frame, For the  f i r s t  one-second t ime 
I , >  . 

frame a l l  the  samples obta ined from the  output  o f  t he  s i x t h  order  
]I_ 

system are used i n  the  RMS c a l c u l a t i o n s .  

Two se ts  o f  data a re  considered f o r  t he  problem, The f i r s t  

s e t  i s  generated by an i n p u t  t o  t he  phys ica l  system which i s  a 
I .  _ 
narrow band random no ise  w i t h  a 25,O Hertz  center  frequency and a 

% L 

ga in  o f  1 as shown i n  Figure 1, This d i g i t a l  ou tpu t  i s  approximated 

b y  the  s o l  i d  1 i n e  i n  F igure 5. Output up t o  3,5 seconds i s  considered 

f o r  the  problem. This ou tpu t  i s  considered t o  be s t a t i o n a r y  and 

ergodic.  The second s e t  o f  data i s  obta ined as a spec ia l  case 

o f  the  narrowband random inpu t ,  I n  t h i s  case s inuso ida l  i n p u t  

w i t h  25 Hertz  s i n e  wave i s  used w i t h  a ga in  o f  7.68698, This 

d i g i t a l  ou tpu t  i s  shown by a dashed l i n e  i n  t h e  Figure 5. Continuous 

curves i n  F igure 5 a re  p l o t t e d  from the  output  o f  a d i g i t a l  s imu la t i on  

whose i n t e g r a t i o n  i n t e r v a l  i s  .004 second, 

By comparing bo th  se ts  o f  data, i t  can be seen from Figure 5 

t h a t  t he  s inuso ida l  data has a f a s t e r  r i s e  t ime than t h e  random da ta  

i n  t he  t r a n s i e n t  region.  The s inuso ida l  data has a steady s t a t e  value 





TABLE I 

MINIMUM NUMBER OF BOUNDARY CONDITIONS 

REQUIRED FOR A MODEL 

Order of model No Cons t ra i  nts Steady s ta te  
on Parameters constraint 

t o  be identified 



4 5 

Thus the s e t  E ~ ,  where rn - c k - c n ,  forms an overdetermined bovndlary 

value problem. 5, i s  defined such tha t  i t  contains n elements where 

En-l i s  a  subset of 5 ,  or more ful ly  5, contains a l l  the data po in t s  

Zi available and i s  the largest  s e t .  

Let us define a  l eas t  square cr i ter ion L 

where y n ( t . )  = a solution of the different ial  equation being 
a 

identi f ied using n boundary conditions . 
a = the vector o f  unknown parameters being identified 

within the speci fied d i  fferent i  a1 equation, 

Likewise, 

In the above equations, Ln i s  the l eas t  square error  for  a  solution of  

the different ial  equation using n boundary conditions to  identify 

the parameters, 

Assuming tha t  the t r a ~ e e t o r y  y i s  an optimum, any other. trajectsrj i  
n 

will have a  larger l eas t  square e r ror ,  Using a  s e t  of boundary values 

En-l a  trajectory yn-l would be obtained such than 



I t  can be shown in a s imilar  manner t h a t  

Since numerii cal round-off e r ro r  i s  di ff cul t t o  evaluate an 

a rb i t r a ry  decision was made t o  use 35 boundary values fo r  the random 

data and 34 boundary values fo r  the sinusoidal data ,  These boundary 

values and time of the boundary values a r e  l i s t e d  in Table 2, 

Weighting factors  f o r  the boundary values i s  an important 

fac to r  i n  l e a s t  square analysis  of data,  However, f o r  t h i s  problem, 

i t  has been considered t ha t  a1 1 of the  e r rors  of the boundary 

conditions wi l l  have equal importance so t h a t  the  weighting factors  

a r e  a l l  equal, 

Ident i f ied  l i n e a r  models are presented in Figures 6 through 

13. In Figure 6 i s  shown an optimum l inear  f i r s t  order solution for 

the  random data described e a r l i e r  in t h i s  chapter, 

The d i f f e r en t i a l  equation used fo r  the solut ion i n  Figure 

6 i s  

where 

a ,  = 2.999819 

a2 = 15.16576 

This l i nea r  model has a steady s t a t e  const ra int  



TABLE I1 

BOUNDARY CONDITIONS 

~~~~~ - 

Narrow band random no i se  

No Time i n  Boundary Time i n  Boundary 
Seconds Val ue Seconds Val ue 
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and the l e a s t  square e r r o r  i s  38,13594. This f i r s t  order model has 

three f i r s t  order d i f f e r en t i a l  equations f o r  the purpose of identi  f l -  

cation.  The i n i t i a l  conditions x(0)  i s  considered t o  be known and  

equal t o  zero, and the parameter a2 i s  l inear ly  dependent on the 

parameter a  Therefore, only the parameter a  i s  t o  be iden t i f i ed  l o  l  
fo r  t h i s  model. The i n i t i a l  condi t ion matrix, equation ( B , %  1 ), will 

be 

However, s ince  the i n i t i a l  condition x(O) i s  known and ap i s  dependent 

on a  as  described above, only two independent solutions a r e  required, 7 
Thus, the i n i t i a l  condition matrix reduces t o  

where 

The new i n i t i a l  condition vector i s  given by equation ( & , 1 2 )  as ,  
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- 5 

where vl and 5 were found t o  be -1.44689~10 , and 1 .000074 respectively 

a t  convergence of the  i t e r a t i o n  scheme, 

In Figure S O  i s  shown an optimum l i n e a r  f i r s t - o rde r  solerticpn 

of the sinusoidal  data as described e a r l i e r  i n  t h i s  chapter where 

and 

The solut ion of this model has a s teady-s ta te  cons t ra in t ,  

and the  l e a s t  square e r r o r  i s  3.090575. Values of y and y2 a t  
1 

convergence a r e  found t o  be - 6 . 6 7 6 8 0 4 ~ 1 0 ~ ~  and 1.0000 respectively.  

Comparing these two models of the same order of two d i f f e r en t  

kinds of data,  one can see  from Figure 5 t h a t  the  model of sinusoidal 

data has a f a s t e r  r i s e  time compared t o  the  model of random data ,  

The s e t t l i n g  time f o r  these two models i s  tabulated in  Table 3, The 

s e t t l i n g  time is  defined as the time required f o r  the t r an s i en t  t o  

be within the  speci f ied  percentage of the f ina l  value and remain 

within those l  imi t s .  

Figure 7 i s  an optimum l inear  second-order solut ion fo r  t h e  

random data ,  The d i f f e r en t i a l  equation i den t i f i ed  i s  



TABLE BIB 

SETTLING TIME 

2% o f  t h e  s t e a d y  32 o f  t h e  s t e a d y  5% o f  t h e  s t e a d y  
s t a t e  v a l u e  s t a t e  v a l u e  s t a t e  v a l u e  

-- 

Order Random S i n u s o i  da l  Random Sinersoi dal  Random S i n u s o i d a l  
of t h e  Data Data Data Data Data Data 
Model 



where 

I ,  

This l inear  model has a steady s t a t e  constraint 

and the l eas t  square error  i s  32.6736, The second order model has 

f ive  f i r s t  order different ial  equations for  the purpose of idenl i f ica-  

t ion. The i n i t i a l  conditions x(0) and i ( 0 )  are considered to be 

known and equal t o  zero, The parameter a i s  l inear ly dependent on 
3 

the parameter a2. Therefore, only two parameters, a1 and a are  t o  
2 

be identified for  th i s  model and only three independent solutions 

are  requi red. 

The i n i t i a l  condition matrix as described by equation ( B , l 2 )  is  

where 



y l ,  y2. and y a t  convergence a r e  found t o  be -1 .642473~10 '~ ,  3 

-1 .9062885x1 ow4, and 1 .000055 respect i  vel y .  

In Figure 11 i s  shown an optimum so lu t ion  f o r  the  s inuso?dal  

da ta  where 

and 

The steady s t a t e  c o n s t r a i n t  i s  

and the  l e a s t  square e r r o r  i s  % ,29893, - r l .  j 2 ,  and k 3  a t  convergence 

a r e  found t o  be -6.4505637~1 om3, -8.4769838~1 0-3 and 1 .014927 respect,i vel y . 
As shown f o r  the  f i r s t  order  models o f  both s e t s  of da ta ,  the 

second order  models a l s o  show t h a t  the r i s e  time of  the  model of  

s inusoidal  data i s  f a s t e r  than t h e  r i s e  time of  the model of  random 

data .  As shown in  Table 3, t h e  s e t t l i n g  time i s  l a r g e r  f o r  i d e n t i f i e d  

models from random data than the  s e t t l  ing time of  i d e n t i f i e d  models 

from the  s inusoidal  da ta ,  The natural  frequency and damping r a z i o  

of the  s inusoidal  model i s  higher compared t o  the  natural  frequency 

and damping r a t i o  of  random model, The s inusoidal  model i s  overdamped 

whereas the  random model i s  underdamped with a  3.65% overshoot,  The 

parameter a2  i s  the  square of  natural  frequency and the  parameter a 
1 

i s  twice the product of natural  frequency and damping r a t i o ,  



Figure 8 i s  an optimal leas t  square solution of third order 

model for ,the random data where 

and 

This third order model has a steady s t a t e  constraint 

and the l eas t  square error  i s  30.81062, The third order model has 

seven f i r s t  order different ial  equations for the purpose of parameter 

ident i f icat ion,  The i n i t i a l  conditions y(O), j ( 0 ) ,  and x(0)  are  

considered to  be known and equal to  zero and the parameter a i s  2 
dependent on the parameters a and b2.  Therefore, only three parameters  a 

a l '  bl 
and b are t o  be identified which requires only four independent 

2 
sol uti ons , 

The i n i t i a l  condition matrix as described by equation (B ,12 )  is  



where 

l1 y2, y3. and y 4  a t  convergence are found to be - 1 ~ 0 4 3 5 5 6 3 x 1 0 ~ ~ ~  

-1 .4409055x1 o - ~ ,  -1.6509967~1 Q - ~ ,  and 1.00041 2 respecti rely.  

Figure 12 i s  the optimum third order solution for  the s ~ n u s o i d a l  

data where 

and 

The steady s t a t e  constraint i s  

and the l e a s t  square e r ror  i s  0.4333401. y l ,  y 2 ,  y3, and y are  4 
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found t o  be 4.697885~1 o - ~ ,  7.291 275x1 o - ~ ,  2.403890~1 Q - ~ ,  and 0.9995397 

respec t  i vel y o  

Comparing the  t h i r d  o rde r  l inea r  models, we n o t i c e  t h a t  bo th  

o f  them have approx imate ly  t h e  same damping r a t i o  b u t  the  n a t u r a l  

frequency o f  t he  s inuso ida l  model i s  h ighe r  than the  n a t u r a l  frequency 

o f  t he  random model. Values o f  a l l  t he  parameters o f  t he  s inuso ida l  

model a re  l a r g e r  than t h a t  of t h e  random model, 

F igure 9 i s  an optimum s o l u t i o n  o f  f ou r th -o rde r  l i n e a r  model 

f o r  t he  random data where 

The l e a s t  square e r r o r  i s  30,7365 f o r  a steady s t a t e  c o n s t r a i n t  o f  

The f o u r t h  o rde r  model has n i n e  P i  r s t - o r d e r  d i f f e r e n t i a l  equat ions 

f o r  parameter i d e n t i f i c a t i o n ,  The i n i t i a l  eondi t i o n s  x(O), i ( O ) ,  

y(O), and i ( 0 )  a r e  considered t o  be known and equal t o  zero. The 

parameter a i s  dependent on t h e  parameters a and b Since only  
3 2 2 "  

f o u r  independent parameters a re  t o  be i d e n t i f i e d  f o r  t h i s  model, on ly  

f i  ve independent s o l  u t i  ons a re  needed, 



The new i n i t i a l  condit ion matr ix is  described by equation 

where 

Y , Y.,  y4, and u5 a t  convergence a r e  found t o  be - 1 . 7 7 0 8 3 3 ~ 1 0 ~ ~ ~  
" 2 d  
-7.391 6581 x1 om4,  5 . 1 5 6 6 3 3 ~ 1 0 - ~ ,  1. 84303x90-~,  and 0.9985575 respect ive ly .  

Figure 13  i s  an optimum for th-order  so lu t ion  f o r  t h e  s inusoidal  

da ta .  The d-r ' f ferent ial  equation i s  shown in  equation (3.10) where 
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The l e a s t  square  e r r o r  i s  0,5659 78 and t h e  s t eady  s t a t e  c o n s t r a i n t  i s  

yl , ye, y3, y4, and y5 a r e  found t o  be -0.3066210, -0.3952708, 

11.91018, 11.34555, and -21.55382. Values o f  y l ,  y , y3, and y 
2 4 

a r e  no t  c l o s e  t o  ze ro  and y i s  no t  c l o s e  t o  one. This seareh  was 
5 

te rmina ted  a t  t h i s  p o i n t  s i n c e  i t  was observed t h a t  f u r t h e r  search  

f o r  an optimum value d id  n o t  improve t h e  l e a s t  square  e r r o r ,  

In gene ra l ,  one can n o t i c e  t h a t  the r i s e  i n  t h e  t r a n s i e n t  

region i s  f a s t e r  f o r  a1 l  models o f  s i nuso ida l  d a t a  compared t o  the 

r i s e  o f  t h e  corresponding model sf random d a t a ,  Numerical values o f  

a l l  the parameters o f  t h e  models o f  s i nuso ida l  d a t a  a r e  h ighe r  when  

compared t o  t h e  numerical values  of' t h e  parameters of t h e  models o f  

random d a t a ,  Table  4 ,  Tn Table 5, t h e  convergence cons t an t s  y i  are 

summarized f o r  t h e  d i f f e r e n t  o rde r s  o f  models, 

11 1, STEADY STATE CONSTRAI NT 

The l i n e a r  models considered he re  wi th  a s t e p  i npu t  w i l l  

always reach a s t eady  s t a t e  value a s  t ime goes t o  i n f i n i t y .  T h i s  

could be i l l u s t r a t e d  by t ak ing  a f i r s t  o r d e r  model. 

The t o t a l  s o l u t i o n  o f  equa t ion  (3,121 i s  



TABLE IV 

NUMERICAL VALUES OF IDENTIFIED PARAMETERS 

( a )   ando om Data 

Order  o f  Model a 
1 

( b )  S i n u s o i d a l  Data 

Order  o f  Model a a 
2 

a 
9 3 bl 





where 

x ( 0 )  = 0,o 

Assuming al  t o  be a positive number, for  t r> 0 

c = constant x ( t >  a- - = a 1 

where c i s  a constant which i s  the steady s t a t e  value, 

A1 l  of the models tha t  are considered have a steady-state value 

equal to  5.0555, This particular value of steady s t a t e  was chosen 

from the random data shown in Figure 5, The random data has random 

osci l l  ations about 5.0555 a f t e r  the f i r s t  one-second time period, 

The convergence space of th is  method of parameter identification i s  

defined to  be those values of parameters which will converge to  t h e  

optimum parameters, The convergence space i s  increased by use of  

the steady s t a t e  constraint,  In the case of the random data, the 

steady s t a t e  constraint will force the solution to  the steady s t a t e  

value and prevent large osci l la t ions in the t ransient  region which 

would have occurred in an attempt to  match the random osci l la t ions 

of the data, 

The steady s t a t e  constraint will cause a large error  for  the  

models of random data in the steady s t a t e  region, b u t  th i s  error  i s  

jus t i f ied  by a decreased l eas t  square e r ror  in the t ransient  region, 



I V ,  LEAST SQUARE ANALYSIS 

The method of l e a s t  square (Appendix C) provides an indication 

of the degree of accuracy of the f i t t ed  curwe to  the original d a t a ,  

This degree of accuracy or approximation i s  dependent on the l eas t  

square error ,  Figure 14 shows the l e a s t  square error  for  a l l  the 

different  models. Figure 14a i s  for  random data which shows that  

the l eas t  square e r ror  i s  exponentially decreasing as the order ca f  

a model i s  increased up to  a certain order, The d i  fferenee f n  the 
' , .  

l ea s t  square e r ror  of third order model and fourth order model i s  

not s ignif icant .  For both se t s  of data, the same resul ts  are achieved, 

The l eas t  square error  may decrease as the order of the model i s  

increased, b u t  t h i s  will also increase the dimension of the matrix 

that  has to  be inverted, and matrix inversion on the digi ta l  computer 

i s  ineff ic ient  compared t o  other numerical operations. This i s  a 

source of an err-or which may cause the l eas t  square e r ror  to  increase 

instead of decreasing, 

From the resul ts  presented in Table 6,', we can conclude t h a t  the 

third order models are the optimum models for  both se t s  of data, 

The l e a s t  square error  for  a1 l of the random models i s  much 

highek than the models of sinusoidal data, This difference in leas t  

square errors i s  in the steady s t a t e  region. The l eas t  square error 

in the steady-state region for  the models of sinusoidal data i s  

negligible whereas l eas t  square e r ror  i n  the steady-state region of  

the models of random data i s  very h i g h .  

The er ror  encountered i n  1 inear models i s  presented in Figure 

15 through 22. This e r ror  could be divided into two parts: (1 ) error 



TABLE VI 

LEAST SQUARE ERROR 

Order o f  S inuso ida l  Random Data 
a System Data (34 B,C,) (35 B,C,) 
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i n  the t ransient  region and ( 2 )  e r ror  i n  the steady-state region, As 

discussed before, e r ror  in the steady-state region remains constant, 

Error in the steady-state region is caused by the s t e a d y - ~ t a t e  c o n s t r a i n t  

which forces the steady-state value of an identified model to  a 

constant value. Error in the t ransient  region i s  decreasing as the 

order of a model i s  increased, This i s  observed by noting the change 

in the envelope of the error  in the t ransient  region, For higher 

order models, t h i s  envelope becomes smaller which i s  the indication 

of a bet ter  f i t  to  the data, 

CONVERGENCE OF THE IDENTIFICATION SCHEME 

Kalaba (9965) has proven tha t  i f  the i t e ra t ive  process of 

quasi l i neasization converges to a solution i t  does so quadratically 

i n  the neighborhood of the solution, Practically, th i s  means tha t  

when the parameter converges close t o  i t s  optimum value, the number 

of s ignif icant  d ig i t s  i n  the approximate solution i s  a t  Beast 

doubled with each i te ra t ion .  Phis property of convergence of a f i r s t -  

order model to  the sinusoidal data i s  considered, the different ial  

, equation of the f i r s t  order model i s  

where a2 i s  constrained by the relationship 

The i n i t i a l  guess for  a i s  5.368028, Table 7 shows that  each 
1 

i te ra t ion  i s  improving the parameter al and t h a t  the change in the 

parameter a i s  approaching t o  zero. I t  may be observed tha t  the  1 
" - *." % 



TABLE W E 1  

CONVERGENCE OF PARAMETERS 

No. of Change i n  Parameter a 
I terat ion Parameter a1 1 

5.368028' 

7 
Identification of the f i r s t  order model 

j , + a x = a  
1 2 

where a2 = 5.0555 a1 

2 
In i t i a l  guess for  a 

1 



number of correct significant dfgits of' the parameter i s  n o t  exact;ly 

doubled each time. This fact i s  the result  of round-off errors 

encountered in cal eul a t i  ons, The program used for the identification 

was used in single precision arithmetic and the accuracy a f te r  s i x  

o r  seven significant digits i s  n o t  guaranteed, Double precision 

arithmetic should provide better results.  

Divergence due to improper in i t i a l  guess i s  shown i n  Figure 2, 

A second order model with a di fferenti a1 equation 

i s  considered. The in i t ia l  values of a l ,  a2, ag are 8.5, 44.0, 100.0 

respectively, Figure 2 shows that  the search for an optimum posnt i s  

not i n  the right di rection, Every iteration increases the value elf 

parameters. The same second order model w i t h  a different in i t i a l  

guess and a constraint a = 5.0555 a2 i s  shown in Figure 3 ,  where 
3 

the search for an optimum point i s  shown, I t  i s  easy t o  see how the 

sol u t i o n  proceeds towards an optimum point. 

The path of convergence can be changed as follows: 

where 0 c 181 c 1.  Luckinbill and Childs (1968). This factor B 

will a l t e r  the change i n  in i t i a l  condition vector from ai t o  n i .  

The value of B could be automatically adjusted t o  meet the required 

change in the in i t i a l  condition vector. This i s  i l lustrated i n  

Figure 4 where a fourth order model i s  considered. The differential 

equations are 



The i n i t i a l  guesses f o r  a l ,  a2 ,  b l ,  and bp  a r e  6.082, 304.708, 69,351 

and 295,603 respectively,  where 

In Figure 4,  bl vs. b2 i s  p lot ted,  where the  dotted 9 1ne shows the 

proposed change, This i s  the search t ra jec tory  of the parameters 

b vs. be without scal ing by the  factor .  The so l i d  l ine  in Figure 
1 

4 i s  the  search t ra jec tory  using a  fac tor  B ,  I t  i s  seen t ha t  the  

f ac to r  B s ign i f i c an t l y  a %  t e r s  the t ra jec tory  of the parameters, 



CHAPTER IV 

I .  CONCLUSIONS 

Identification of parameters i n  a  l inear  system by the method 

of quasilinearization has been proven feasible  in a  number of previous 

papers and books, However, t h i s  study has endeavored t o  show that an 

optimum order of a  l inear  model does ex i s t  for  a  given numerical 

technique, data se t  and digi ta l  computer w i t h  which the identification 

i  s  performed. 

For the IBM-360f40, single precision arithmetic, Runge-Kutta 

fourth order integration of s tep s ize  .01 and Gauss Siedel matrix 

inversion, i t  has been shown tha t  the t h i r d  order model i s  an optimum 

model for  the given random and sinusoidal data,  As stated by 

~ucki 'nbill  and C h i 1  ds (1  9681, an exp'l i c i t  indication of the numerical 

round-off error  which i s  occurring i n  the identification procedure 

i s  given by i i + l  for  the ( i+ l  ) model as shown in Table 4. As the 

order of the model to  be identified increases, the number of parameters 

and unknown i n i t i a l  conditions increase which causes the dimension of  

the matrix to be inverted to increase and numerical round-off eripor 

in integration t o  increase, As the number of boundary conditions 

increase above the number required, the numerical round off error  

will a lso increase due to  the matrix multiplications which are 

involved in the 1 east  square f i t t i n g  of the data t o  the model . 
To maximize the usefulness of the quasilinearization method of 

ident i f icat ion,  i t  would be best t o  identify a l l  of the parameters i n  the  

model with no constraints on the parameters. However, i t  has been 
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found i n  t h i s  s tudy t h a t  the  steady s t a t e  c o n s t r a i n t  a l t e r a t i o n  of  new 

i n i  ti a1 cond i t i ons  and a non-negati ve r e s t r a i n t  on t h e  parameters 

o r  i n i t i a l  cond i t i ons  were necessary i n  o rde r  t o  ensure convergence 

t o  an optimum l e a s t  square s o l u t i o n .  

The use o f  t he  steady s t a t e  c o n s t r a i n t  r equ i res  t h a t  the  

i d e n t i f i c a t i o n  be an o f f - l i n e  procedure due t o  t h e  need o f  knowing 

t h e  expected o r  steady s t a t e  va lue o f  the  data a f t e r  t he  t r a n s i e n t s  

have d i e d  out .  

II, EXTENSIONS AND FURTHER WORK 

The main problem encountered i n  t h e  numerical  experiments 

performed was f i n d i n g  an i n i t i a l  guess which would converge t o  t h e  

optimum s o l u t i o n .  Since i t  i s  n o t  d i f f i c u l t  t o  f i n d  an i n i t i a l  guess 

f,or t h e  f i r s t  o rde r  models which w i l l  converge w i t h o u t  t h e  need f o r  

cons t ra in t s ,  i t  i s  recommended t h a t  a procedure be found f o r  i nc reas ing  

t h e  o r d e r  o f  the  l i n e a r  system one parameter a t  a t ime u n t i l  t he  lleast 

square e r r o r  s tops decreasing. For example, assume t h a t  we have 

i d e n t i f i e d  a s e t  o f  parameters, a and a2 i n  t h e  f i r s t  o rder  model. 
1 

Next we a re  t o  s e l e c t  an i n i t i a l  guess f o r  t he  parameters b and, b -ii n 
1 2 

t h e  second order  model 

It may be poss ib le  t h a t  i f  b and b2 a r e  se lec ted  such t h a t  one o f  t he  
1 

character is t ic  roots of the second-order equation i s  equal t o  -a,, and  

t h e  o t h e r  r o o t  i s  chosen t o  be 10 t imes -a then the  ident i f l 'cat i . "oln 1 



process wi l l  converge rapidly t o  the  solution.  No such approach has 

been investigated here b u t  such an approach may prove valuable. For 

instance,  i t  may be possible t o  iden t i fy  the  steady-state value of 

the  data by using the  r a t i o  a2!al from an unconstrained 1 s t  order  

model and t o  choose and  constrain t h e  2nd and a l l  higher order models. 
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APPENDIX A 

FIRST ORDER SYSTEM AND RMS DETECTOR 

The f o l l o w i n g  system i s  t o  be solved f o r  an a n a l y t i c a l  so lu t ion  

I 

where a and b a re  constants 

Consider the  f o l l o w i n g  system 

This system cou ld  be expressed as 

k + a x  = bs inwt  ( A ,  l 1 

The s o l u t i o n  o f  equation (A.1) i s  

where 



Let z = ~t + 4 s o  t h a t  

S impl i fy ing  t h e  above equa t ion  

A 

- e -a t  ( - 9 cos (wi + 4 )  + Sin (wi + $1) 
W 



Letting i = 0 

- a 
( -  G cos + + ( S i n  ~ ( w t  + 4 )  - S i n  ~ $ 1  Gi 

I t  i s  eas i l y  shown t h a t  as t -+ 



APPENDIX B 

SUPERPOSITION OF PARTICULAR SOLUTION 

The work shown i n  thiis appendix i s  described i n  more detail 

by Luckinbill and Childs (1968). 

Let us consider an n t h  order differential equation 

- 
where x = vector with n elements 

A = matrix w i t h  n x n elements which may be a function of x, 

8 = vector with n elements 

Let 

x = mp (B, 2) 

where i s  the solution matrix of equation ( B . 1 )  w i t h  a rank n and 
P 

@ could be written as follows in the column vector form 
P 

where P1 i s  a vector w i t h  n elements and 



w i l l  s a t i s f y  thk  f o l l  owing d i f f e r e n t i a l  equat ion 
P 

where S = ( n  x  n+l ) m a t r i x  as shown be l  ow 
* --r 

S u b s t i t u t i n g  equation (B.2)  l n t o  equatton ( B J  ) and sub t rac t i ng  

Sy Prom both sfdes, 

S u b s t i t u t i n g  equation (B,6) t n t o  equation (8.8) w i l l  g ive  

This could be w r i t t e n  as 

which ,is the  same as equation (B.3). 



- 
By choosing proper in i t i a l  conditions, Pnel will satisfy the 

boundary condi tions, then 

where 

Substituting equation ( B - 3 )  into equation (Bol 9 )  will give 

-9 Since the matrix i s  n o t  singular, y must be zero a t  convergence. 

Let a be the vector which represents the in1 t i a l  condit i~ns o f  the 

solution Tn+, , and l  e t  p; represent the purtubation of the i t h  i n i t i a l  

condition. Then ini t i  al condition matrix wi l  I be 

By successively subtracting the l a s t  column from each of the other 



4 9 

columns, e t c . ,  one can reduce the matrix ( t  ) t o  a diagonal m a t r i x  
P 0 

w i t h  diagonal elements a i p i 0  Therefore ( t )  has a rank n o  
P 



APPENDIX C 

LEAST SQUARE ESTIMATION 

To i l l u s t r a t e  t h e  method o f  l e a s t  squares ,  cons ider  f i t t i n g  

a d i f f e r e n t i a l  equa t ion  

Y + sly = a 2 ( C J I  

t o  n given d a t a  po in t s  x ( t 1 ) >  x ( t 2 ) ,  ---- x ( t n )  

The s o l u t i o n  o f  equa t ion  ( C  1 ) where a2 = Gal , is 

where y ( t )  = 0.0 a t  t = 0,O 

Since  on ly  one boundary cond i t i on  is  requi red  t o  determine 

a l  , n > 1 forms an overdetermined boundary value problem, In t h i s  

c a s e  y ( t )  w i  11 n o t  pass  through a1 1 t h e  boundary values  o r  i t  may 

n o t  pass through any one o f  them. Therefore  f o r  a given value of 

a l  

where a i  is t h e  e r r o r .  

Taking 6 i  f o r  each p o i n t  and summing the squares  o f  6i 



Equat ion (c.3) cou ld  be w r i t t e n  as 

where hi i s  t h e  w e i g h t i n g  f a c t o r  o f  each p o i n t .  S ince t h e  abso lu te  

e r r o r  i s  impo r tan t  i n  t h i s  problem l e t  

- h  1  = h 2 = h g e  0 0 .= h, = 1  

Where re1  a t i  ve accuracy i s  important, a  cho ice  o f  

cou ld  be made, 

L i s  t h e  measure o f  how we1 1 t h e  curve  f i t s  t h e  g iven  p o i n t s ,  

I f  L i s  equal t o  zero, t h i s  means t h a t  a l l  t h e  g iven  p o i n t s  l i e  on t he  

curve  o f  y ( t ) .  I f  t h e  p o i n t s  a r e  away f rom y ( t )  , L w i l l  be l a r g e r ,  

The problem i s  t o  f i n d  t h e  parameter al such t h a t  L w i l l  be minimum. 

The parameter a2 i s  dependent on a, s i  nce a2 = ca, Therefore 

an optimum va lue  o f  a, w i l l  g i v e  an optimum va lue  o f  a2. 

D i v i d i n g  b o t h  s ides o f  a the  above equat ion  b y  2c 



Equation (C.4) i s  a non l inea r  equa t ion  f o r  e s t ima t ing  one 

v a r i a b l e ,  When equa t ion  (C.1) is  o f  h igher  o r d e r  and more than 

one parameter is unknown equat ion (C04)  i s  rep laced  by a se t  of  

nonl i near  simul taneous equa t ions ,  
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( a )  Random Input 
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( b )  Sinusoidal Input 

Figure 14 .  Least Square Error vs. Order of the Models 


















